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Abstract 
One-dimensional nanostructures such as quantum wires (QWRs) and quantum point contacts (QPCs) 
have drawn interests for their electronic transport properties. QPCs are commonly made of a 
heterojunction of GaAs/AlGaAs with a metallic gate on top, which restricts electron movement in 1D 
through a 2D confinement potential. In this study, we implemented an unrestricted Hartree-Fock model 
to study electronic transport in quasi-1D systems with three-dimensional Coulomb and electron-
electron interaction, neglecting spin-orbit coupling. The model predicts the emergence of spontaneous 
spin-polarized excited states for electron concentrations above a confinement-dependent threshold. We 
demonstrated the existence of spontaneous spin polarization in QPCs and verified previous results. 
Subject Keywords: quantum point contact; spin; spin polarization; 
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1. Introduction 
One-dimensional structures such as quantum wires (QWRs) and quantum point contacts (QPCs) drew 
much interest for their unique properties and potential applications. The two-dimensional confinement 
potential in these systems limits the transport of charge carriers in one-dimension, which gives rise to 
transverse electron modes.  It is important to understand the consequences of these transverse modes 
to take advantage of their interesting characteristics and build one-dimensional devices. 
Quantum point contacts are commonly made of a heterojunction of GaAs/AlGaAs and a split metallic 
gate on top. At low temperatures, electrons are confined near the interface to form a two-dimension 
electron gas (2DEG). By applying a voltage through the gate, electrons are electrostatically driven away 
from the gate region, leaving only a 1D channel for electron transport. 1,2 Experiments have confirmed 
that the differential conductance 𝐺 = 𝑑𝐼/𝑑𝑉 through the QPC is quantized in units of 𝐺0 = 2𝑒
2/ℎ.2,3 
However, during the last two decades, a transport anomaly has been observed in semiconductor 
quantum point contacts. In particular, there is a plateau around 0.6-0.8 𝐺0 at the first quantized 
conductance step, named “0.7 anomaly”. The anomalous features are widely attributed to the electron-
electron interaction, but the exact origin of this anomaly remains under active investigation. Some 
earlier works proposed spontaneous spin polarization as an explanation. 
In this study, we implemented an unrestricted Hartree-Fock model to study electron spin polarization in 
quasi-1D systems with three-dimensional Coulomb and electron-electron interaction, neglecting spin-
orbit coupling. 
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2. Unrestricted Hartree-Fock Model 
Consider a wire with its axis along the x-axis. Electrons are confined in the y- and z- directions by a 
superposition of two parabolic potentials: 
𝑈𝑦𝑧 ≡ 𝑈𝑦 + 𝑈𝑧 =
1
2
𝑚∗𝜔𝑦
2𝑦2 +
1
2
𝑚∗𝜔𝑧
2𝑧2 (2.1) 
The wire is placed in a constant magnetic field ?⃗? = 𝐵𝑥?̂? parallel to the axis of the wire, with the gauge 
𝐴 = 𝐵𝑥𝑦?̂?  and Zeeman energy 𝑈𝑍 = 𝑔
∗𝜇𝐵𝐵𝑥𝜎. (𝑔
∗ is the effective electron g-factor, 𝜇𝐵 = eħ/2𝑚0 is 
the Bohr magneton in the wire, 𝑚0 is the electron mass, e is the electron charge, and σ is equal to +1/2 
or −1/2 for spin-up or spin-down, respectively.) Neglecting the spin-orbit interaction and correlation, the 
single-particle Schrödinger equation is 
−
ħ2
2𝑚∗
∇2𝜓{𝑖}(?⃗? ) + [𝑈𝑦𝑧(𝑦, 𝑧) +
1
2
𝑚∗𝜔𝐵
2𝑦2 + 𝑖ħ𝜔𝐵
2𝑦
𝜕
𝜕𝑧
+ 𝑔∗𝜇𝐵𝐵𝑥𝜎 + 𝑈𝑒𝑙(?⃗? )]𝜓{𝑖}(?⃗? )
+ ?̂?𝑒𝑥𝑐ℎ [𝜓{𝑗}(?⃗? )] = 𝐸{𝑖}𝜓{𝑖}(?⃗? ) 
(2.2) 
The quantum numbers {𝑖} = {𝑖𝑥, 𝑖𝑦, 𝑖𝑧, 𝜎𝑖 = ±1/2}, 𝜔𝐵 = 𝑒𝐵𝑥/𝑚
∗, 𝑈𝑒𝑙  is the Hartree term (Coulomb 
repulsion between electrons), and 𝑈𝑒𝑥𝑐ℎ is the exchange energy. We can take the expectation value of 
the left-hand side of Eq. (2.2) in the extreme quantum limit, where only the ground state is populated, 
using trial wavefunction: 
𝜓𝑘𝑥(𝑟 ) =
𝑒𝑖𝑘𝑥𝑥
√𝐿𝑥
(
𝑎1/2
𝜋1/4
𝑒−𝑎
2𝑦2/2)(
𝑏1/2
𝜋1/4
𝑒−𝑎
2𝑧2/2) 
(2.3) 
where a =  √𝑚∗𝜔𝑦/ħ and b =  √𝑚∗𝜔𝑧/ħ. These parameters reflect the confinement strength. This 
wavefunction is the ground state of a 2D harmonic oscillator when the magnetic field is zero and 
electron-electron interactions are ignored. We obtain an expression for the energy as a function of k and 
𝜎, 
𝐸(𝑘, 𝜎) =
ħ2𝑘2
2𝑚∗
+ 𝐸𝑦𝑧 +
1
4
(
𝜔𝐵
𝜔𝑦
)ħ𝜔𝐵 + 𝑔
∗𝜇𝐵𝐵𝑥𝜎 + 𝑈𝑒𝑙[𝑛] + 𝑈𝑒𝑥𝑐ℎ(𝑘, 𝜎) 
(2.4) 
where 𝐸𝑦𝑧 =  ħ𝜔𝑦/2 + ħ𝜔𝑧/2. The expectation values of 𝑈𝑒𝑙  and 𝑈𝑒𝑥𝑐ℎ can be calculated as following: 
𝑈𝑒𝑙[𝑛] =
𝑒2𝜁𝑎𝑏(0)
16𝜋𝜖
𝑛 
(2.5) 
𝑈𝑒𝑥𝑐ℎ(𝑘, 𝜎) = −
𝑒2
32𝜋2𝜖
∫ 𝑑𝑝𝜁𝑎𝑏(𝑝 − 𝑘)𝑓𝑇[𝐸(𝑝, 𝜎)]
+∞
−∞
= −
𝑒2
32𝜋2𝜖
∫ 𝑑𝑝 𝜁𝑎𝑏(𝑝)
+𝑘𝐹(𝜎)+𝑘
−𝑘𝐹(𝜎)+𝑘
 at T=0 (2.6) 
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𝜁𝑎𝑏(𝑝) is a dimensionless overlap function of the trial wavefunction, which is given by 
𝜁𝑎𝑏(𝑝)  = 8 (
𝑎
𝑏
)∫ 𝑑𝑡
+∞
0
𝑡 𝑒𝑥𝑝(−𝑡2/2)
√(
𝑝
𝑏)
2
+ 𝑡2√(
𝑝
𝑏)
2
+ (
𝑎
𝑏)
2
𝑡2
 
(2.7) 
Therefore, the Fermi energy at zero temperature relates to the Fermi wavevector as 
𝐸𝐹 = 
ħ2𝑘𝐹(𝜎)
2
2𝑚∗
+ 𝐸𝑦𝑧 +
1
4
(
𝜔𝐵
𝜔𝑦
)ħ𝜔𝐵 + 𝑔
∗𝜇𝐵𝐵𝑥𝜎 +
𝑒2𝜁𝑎𝑏(0)
16𝜋𝜖
𝑛 + −
𝑒2
32𝜋2𝜖
∫ 𝑑𝑝 𝜁𝑎𝑏(𝑝)
2𝑘𝐹(𝜎)
0
 
(2.8) 
The total electron concentration n can be split into spin-dependent concentrations 𝑛 = 𝑛𝜎 + 𝑛−𝜎. At 
zero temperature, the spin-dependent concentrations have associated Fermi wavevectors 𝑘𝐹(𝜎) = 𝜋𝑛𝜎. 
However, the Fermi energy must be the same for both spin-up and spin-down electrons, requiring  
𝐸𝐹(𝑛𝜎; 𝑛) = 𝐸𝐹(𝑛−𝜎; 𝑛) (2.9) 
Under this condition, we can define 𝐹 ≡
𝑚∗
2ħ2
[𝐸𝐹(𝑛𝜎; 𝑛) − 𝐸𝐹(𝑛−𝜎; 𝑛)] in terms of the concentration 
difference ∆𝑛𝜎 ≡ 𝑛𝜎 − 𝑛/2. The spin-independent terms cancel out, leaving 
𝐹(∆𝑛𝜎; 𝑛) ≡
𝜋2
2
𝑛 ∆𝑛𝜎 + 𝜎
𝑒𝑔∗𝐵𝑥
2ħ
− −
𝑒2𝑚∗
64𝜋2𝜖ħ2
∫ 𝑑𝑝 𝜁𝑎𝑏(𝑝)
2𝜋(𝑛/2+∆𝑛𝜎)
2𝜋(𝑛/2−∆𝑛𝜎)
= 0 
(2.10) 
At a fixed electron concentration n, any value of ∆𝑛𝜎 that makes 𝐹 = 0 would be a valid configuration. If 
non-zero ∆𝑛𝜎 solution exist, there would be an unequal concentration of spin-up and spin-down 
electrons, leading to a polarization in the channel. If the solution ∆𝑛𝜎 is beyond the valid interval 
[−𝑛/2, 𝑛/2], the electrons are fully polarized (𝑛↑ = 𝑛, 𝑛↓ = 0 or 𝑛↑ = 0, 𝑛↓ = 𝑛). 
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3. Results of Spontaneous Spin Polarization 
We used MATLAB to implement the model numerically and verify the results of spontaneous spin 
polarization. First, we calculated the overlap function 𝜁𝑎𝑏(𝑝) using Eq. (2.7) at different confinement 
strengths.  𝜁𝑎𝑏(𝑝) decreases with 𝑝 and agrees with the previous result. It is noted that the function 
diverges at 0 due to the choice of the trial wavefunction. However, the Hartree term 𝑈𝑒𝑙[𝑛] is 
proportional to  𝜁𝑎𝑏(0), so we estimated its value using a triangular potential in the z-direction to be 
2.43 × 104. The absolute value of 𝑈𝑒𝑙[𝑛] does not affect the spin polarization because it is a constant at 
a given 𝑛 and does not show up in Eq. (2.10). It only shifts all the energy levels by the same constant. 
 
 
Figure 1   𝜻𝒂𝒃(𝒑) vs. 𝒑 at different 𝒂 and 𝒃 in a 2D parabolic confinement potential. 
To show the emergence of the spontaneous spin polarization, we plotted 𝐹 against ∆𝑛↑ at different 
electron concentrations n. The parameters are set to those in a GaAs wire with 𝑔∗ = 0.44,𝑚∗ =
0.067𝑚0, 𝜖 = 12.9𝜖0. The confinement strength is set to ħ𝜔𝑦 = ħ𝜔𝑦 = 2.0 𝑚𝑒𝑉 and the magnetic field 
to 𝐵𝑥 = 1 𝑇. As shown in Figure 2, the solutions of Eq. (2.10) are the zero-crossings of 𝐹 curves. When 
the concentration is below a certain 𝑛𝑜𝑛𝑠𝑒𝑡, there exists only one solution; as the concentration increase 
above 𝑛𝑜𝑛𝑠𝑒𝑡, multiple solutions become possible. We determined this onset to be around 
1.91 × 105 𝑐𝑚−1 which agrees with the original result. 
In Figure 3, the polarization vs. n for different magnetic field strength is plotted. For 𝑛 below a 
concentration threshold 𝑛𝑜𝑛𝑠𝑒𝑡, there is only one solution (blue) with 𝑃 > 0 which becomes fully 
positively polarized around 2.03 × 105 𝑐𝑚−1. It clearly shows that two additional solutions emerge 
when 𝑛 > 𝑛𝑜𝑛𝑠𝑒𝑡. They are initially at 𝑃 < 0 and become unpolarized (green) and fully negatively 
polarized (red) respectively. The threshold 𝑛𝑜𝑛𝑠𝑒𝑡 increases as the magnetic field increases. 
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Figure 2   F vs. ∆𝒏↑ for different concentrations. 𝒈
∗ = 𝟎. 𝟒𝟒,𝒎∗ = 𝟎. 𝟎𝟔𝟕𝒎𝟎, 𝝐 = 𝟏𝟐. 𝟗𝝐𝟎, ħ𝝎𝒚 = ħ𝝎𝒚 = 𝟐. 𝟎 𝒎𝒆𝑽,𝑩𝒙 = 𝟏 𝑻. 
 
Figure 3   Polarization vs concentration 𝒏 for different magnetic fields. ħ𝝎𝒚 = ħ𝝎𝒚 = 𝟐. 𝟎 𝒎𝒆𝑽. 
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Figure 4   Spin-polarized configurations at 𝑩𝒙 = 𝟎. (a) Spin-up electron concentration 𝒏↑ vs. 𝒏 in different configurations. (b) 
Fermi energy vs. 𝒏 for the unpolarized and polarized configurations. In both cases, ħ𝝎𝒚 = ħ𝝎𝒚 = 𝟐.𝟎 𝒎𝒆𝑽. 
In the absence of a magnetic field, the solution before onset becomes unpolarized and the two 
additional solutions after the onset are degenerate and symmetric as shown in Figure 4 (a). Here we 
denote the unpolarized configuration as “0” and polarized configurations as “↑” and “↓”.  As the 
concentration 𝑛 increases above the onset, 𝑛↑ continues to increase in the ↑ configuration and decrease 
in the ↓ configuration until both become fully polarized for 𝑛 ≥ 𝑛full = 2.1 × 10
5 𝑐𝑚−1. Both spin-
polarized configurations have the same Fermi energy higher than that of the unpolarized configuration. 
The Fermi energy at 𝑛𝑜𝑛𝑠𝑒𝑡 is 6.5 𝑚𝑒𝑉, and the energy gap at 𝑛full between polarized and unpolarized 
configurations is around 1.4 𝑚𝑒𝑉. At T=0, the ground state of the wire is unpolarized, but the system 
can be excited to be polarized at higher temperatures. 
We also examined the dispersion relation for spin-up electrons in three configurations in Figure 5. In 
Figure 5 (a), for 𝑛 just below 𝑛𝑜𝑛𝑠𝑒𝑡, there is a single energy-momentum curve with an inflection point 
caused by the exchange energy. As 𝑛 passes the onset concentration, in Figure 5 (b), two polarized 
curves show up, ↑ configuration below and ↓ configuration above the unpolarized curve. In Figure 5 (c), 
the split is more apparent. The ↓ configuration curve is almost entirely above the Fermi energy and 
higher than the unpolarized level, which indicates that a smaller number of spin-up electrons reside in ↓ 
configuration. 
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Figure 5   Dispersion relation at 𝑩𝒙 = 𝟎. (a) below the polarization onset; (b) just above the onset; (c) further above the 
onset. ħ𝝎𝒚 = ħ𝝎𝒚 = 𝟐. 𝟎 𝒎𝒆𝑽 for all cases. (To be updated, color, legend, estimated Uel) 
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4. Conclusion 
We numerically implemented a model from Ref that considers the electron-electron interaction in a 
quantum point contact. We noticed a divergence in the overlap function that affects the Hartree term. It 
hinders our ability to calculate the exact energy and future work should use a different trial 
wavefunction to avoid the issue. However, several results from the original thesis are verified, in 
particular the emergence of spontaneous spin polarization above a concentration threshold. Our 
calculation confirms that spontaneous spin polarization occurs in quantum point contacts even without 
spin-orbit interaction. 
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